In the paper, the authors introduce definitions of the (h 1 , h 2 )-GA-convex functions and the (h 1 , h 2 , m)-GA-convex functions, discuss some properties of these kinds of functions, establish some integral inequalities for these functions, and apply these inequalities to construct several more inequalities.
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The theory of convex functions has important applications in many mathematical sciences. The notion of h-convex functions can be used to derive plenty of convex functions familiar to common mathematicians. In current paper, the authors extend the notion of h-convex functions, introduce a more general notion of h-convex functions, improve existed notions for convex functions, establish several inequalities for the general h-convex functions, and find their applications.
The following inequalities of Hermite-Hadamard type were established for some of the above convex functions. Theorem 1.1 (Dragomir & Toader, 1993 If f ∈ L ([a, b] ) for 0 ≤ a < b < ∞, then Theorem 1.3 (Sarikaya, Saglam, & Yildirim, 2008, Theorem 6) Let f ∈ SX(h, I) and f ∈ L ([a, b] ) for a, b ∈ I with a < b. Then Theorem 1.4 (Pinheiro, 2008, Theorem 4. 2) If f is s-convex in the second sense and non-negative on I and if x 1 , x 2 , ⋯ , x n ∈ I for n ≥ 3 and some s ∈ (0, 1], then Theorem 1.5 (Latif, 2010, Theorem 11) Let h be a non-negative super-multiplicative function. If f ∈ SX(h, I) and x 1 , ⋯ , x n ∈ I, then where x n+1 = x 1 . This inequality is reversed if f ∈ SV(h, I).
For more information on notions of various convex functions and their inequalities of HermiteHadamard type, please refer to recently published articles , Bougoffa, 2006 , Hudzik & Maligranda, 1994 , Latif, 2010 , Shuang et al., 2013 , Xi & Qi, 2015 , Xi, Wang, & Qi, 2014a , 2014b and closely related references therein.
Definitions
We now introduce concepts of (h 1 , h 2 )-GA-convex functions and (h 1 , h 2 , m)-GA-convex functions.
Definition 2.1. Let h i :[0, 1] → ℝ 0 such that h i ∕ ≡0 for i = 1, 2 and f :I ⊆ ℝ + → ℝ 0 . If for x, y ∈ I and t ∈ [0, 1], then f is said to be an (h 1 , h 2 )-geometric-arithmetically convex function or, simply speaking, an (h 1 , h 2 )-GA-convex function. If Equation (2.1) is reversed, then f is said to be an (h 1 , h 2 ) -geometric-arithmetically concave function or, simply speaking, an (h 1 , h 2 )-GA-concave function.
Remark 1 If f is a decreasing and (h
Remark 2 By Definition (2.1),
(2) when h(t) = t s for t ∈ (0, 1) and s ∈ [−1, 1], an h-GA-convex function is reduced to an extended
Remark 3 By the above definitions, we have the following assertions.
(
Example 2.1 Let f (x) = | ln x| for x ∈ (0, 1] and (t) = c(1 − t) 0 for t ∈ (0, 1) and 0 < c ≤ 1, and some 0 ∈ ℝ.
(1) Let h 1 (t) = t 1 and h 2 (t) = t 2 for t ∈ (0, 1) and 1 , 2 ∈ ℝ. If 1 , 2 ≤ 1, then f is an decreasing and
(2) In Definitions (1.8), letting m = 0.6, h(t) = t for all t ∈ [0, 1], x 0 = 0.5, y 0 = 0.9, and t 0 = 
Properties
Now we discuss some properties of (h 1 , h 2 , m)-GA-convex functions.
Proof If f :I → ℝ + is an (h 1 , h 2 )-GA-convex function on I, using the (h 1 , h 2 )-GA-convexity of f on I, we obtain for all x ∈ I and t ∈ [0, 1].
The rest may be proved similarly. Theorem 3.1 is thus proved. (
The proof of Theorem 3.2 is complete.
Proof This follows from Theorem 3.2 and induction on n. ✷
(1) If f is an increasing (or decreasing, respectively) and
(2) If f is increasing (or decreasing, respectively) and
is an m-geometrically convex (or concave, respectively) function
Proof When f is a decreasing and
Therefore, for all cases mentioned above, the composite f •g is an
The rest may be proved similarly. Theorem 3.3 is thus proved. ✷
Jensen type inequalities
Now we are in a position to establish inequalities of Jensen type for (h 1 , h 2 , m)-GA-convex functions.
Proof When n = 2, taking t = w 1 and 1 − t = w 2 in Definition (2.2) means that the inequality (Equation 4.1) holds.
Suppose that the inequality (Equation 4.1) holds for n = k, that is,
.2) and the hypothesis (Equation 4.2), we have
Since h 2 is a super-multiplicative function, we obtain h 2 (Δ k )h 2 
holds for all x i ∈ (0, b] and w i > 0 such that ∑ n i=1 w i = 1. If 
Hermite-Hadamard type inequalities
Now we are in a position to establish some new Hermite-Hadamard type inequalities for (h 1 , h 2 , m)-
, we obtain
If replacing a 1−t b t and a t b 1−t for 0 ≤ t ≤ 1 by x, then
The proof of Theorem 5.1 is complete.
)-GA-convexity of f and (Equation 5.1), we obtain
The proof of Theorem 5.2 is complete.
Corollary 5.2.1 Let h 1 (t) = t s 1 and h 2 (t) = t s 2 for all t ∈ (0, 1), let s 1 , s 2 ∈ (−1, 1] and m ∈ (0, 1], and 
, we obtain Theorem 5.5
, and
The proof of Theorem 5.5 is complete.
Corollary 5.5.1 Under the conditions of Theorem 5.5, if h 1 (t) = h 2 (t) = h(t) for all t ∈ [0, 1], then
In particular, if h(t) = t s for t ∈ (0, 1), s ∈ − 1 2
, 1 , and
(5.5)
where B denotes the well-known Beta function.
Applications
In what follows we will apply theorems and corollaries in the above section to establish inequalities
Theorem 6.1 Under the conditions of Theorem 4.1, if n, k ∈ ℕ with n ≥ 3 and 2 ≤ k ≤ n. Then, for all 
If h 1 (t 1 )h 2 t 2 ≥ h 2 (t 1 t 2 ) for all t 1 , t 2 ∈ [0, 1], h is sub-multiplicative, and f is (h 1 , h 1 (t) = h 2 (t) = h(t), and (t) = 1 for t ∈ [0, 1] and h
